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 Summary

 In applying statistical methods such as principal component analysis, canonical correlation
 analysis, and sufficient dimension reduction, we need to determine how many eigenvectors of a
 random matrix are important for estimation. This problem is known as order determination, and

 amounts to estimating the rank of a matrix. Previous order-determination procedures rely either on

 the decreasing pattern, or elbow, of the eigenvalues, or on the increasing pattern of the variability in

 the directions of the eigenvectors. In this paper we propose a new order-determination procedure

 by exploiting both patterns: when the eigenvalues of a random matrix are close together, their
 eigenvectors tend to vary greatly; when the eigenvalues are far apart, their variability tends to be

 small. The combination of both helps to pinpoint the rank of a matrix more precisely than the
 previous methods. We establish the consistency of the new order-determination procedure, and
 compare it with other such procedures by simulation and in an applied setting.

 Some key words'. Bootstrap; Canonical correlation analysis; Directional regression; Ladle estimator; Principal
 component analysis; Sliced inverse regression.

 1. Introduction

 Order determination is needed in many statistical methodologies. For example, underlying
 principal component analysis is the following statistical model (Jolliffe, 2002, p. 151)

 X = Z + 6, (1)

 where Z and € are independent /»-dimensional random vectors, M = var(Z) is a singular matrix
 with rank d < p, and var(e) = a2Ip where Ip is the identity matrix. The principal components are

 the projections ofX onto the first d eigenvectors of M. Here, the order-determination problem is
 to estimate d, the rank of M.

 In canonical correlation analysis (Jolliffe, 2002, p. 222), we observe samples of two random
 vectors X and Y, and need to determine how many left- or right-singular vectors to retain. This

 © 2016 Biometrika Trust
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 876  W. Luo AND B. Ll

 corresponds to determining the rank of the matrix

 M — y~"1/,2y v~'y y~'/2 m — Lixx Zjxy ^yy 2uyx2-'xx >

 where Hxx = var(X), En = var(F), Yxy = cov(Z, 7) = Y,TVX.
 In independent component analysis (Hyvärinen et al., 2001), one often needs to determine how

 many components of a random vector have excess kurtosis, which can be regarded as a special
 case of the general order-determination problem. Specifically, let X be a /»-dimensional random
 vector and let Z = var(X)~1/2{X - E(X)) be its standardized version. The fourth-order blind
 identification estimator is based on the sample version of the matrix

 M — [E{(ZJZ) ZZT) — (p + 2)IP]2.

 In independent component analysis, the eigenvectors with nonzero eigenvalues of this matrix
 correspond to components with excess kurtosis, which are of interest; whereas components that
 have no excess kurtosis are regarded as noise.

 Finally, this problem arises in sufficient dimension reduction (Li, 1991, 1992; Cook, 1994,
 1998) where X is a /»-dimensional random vector, 7 is a random variable, and we are interested
 in finding a lower-dimensional linear predictor ßrX such that Y is independent oïX given ßJX;
 that is,

 Y lX\ßTX. (2)

 Because this relation is invariant under the transformation ß ßA for any nonsingular matrix
 A, the identifiable parameter in (2) is span(/J), the column space of ß. The central subspace
 is defined as the intersection of all subspaces span(ß) that satisfy (2). This subspace, denoted

 by SY\x, is the target of sufficient dimension reduction (Cook, 1998; Cook & Li, 2002). As
 shown in Yin et al. (2008), under very mild conditions <SK|a- also satisfies (2). A typical sufficient

 dimension reduction estimator is in the form of a matrix-valued statistic M, which converges to

 a fixed M with the property span(M) ç SY]X or even span(M) = SY]X. Thus, again, we face
 the problem of estimating the rank of M. Important examples of such estimators include sliced
 inverse regression (Li, 1991 ), the sliced average variance estimator (Cook & Weisberg, 1991), and
 directional regression (Li & Wang, 2007). A similar problem also arises in nonlinear sufficient
 dimension reduction (Wu, 2008; Lee et al., 2013).
 Existing methods for order determination rely either on the magnitude of the eigenvalues of

 M or on the variability of the eigenvectors of M. Sequential tests (Fujikoshi, 1977; Schott, 1994;
 Cook & Li, 2004; Bura & Yang, 2011) are based on the eigenvalues of M. Information criteria (Bai

 & Ng, 2002; Gunderson & Muirhead, 1997; Zhu et al., 2006) are based on a monotone function
 of the eigenvalues plus a deterministic penalty term. Both types of procedures are uniquely
 determined by the scree plot of the kth. eigenvalues ik of M versus k. They hinge on the fact that

 Xk drops to near 0 at k = d + 1. Figure 1(a) is a typical scree plot, taken from Model 4 in §5,
 which has d = 2. It indeed shows a drop at k — 3.

 As an alternative to the eigenvalue-based methods, Ye & Weiss (2003) proposed an eigenvector
 based order-determination procedure for sufficient dimension reduction, which is also readily

 applicable to other problems. In applying this procedure, we first generate a set of bootstrap sam
 ples and compute the corresponding set of bootstrap estimates of in the form of eigenvectors.
 Then, for each k < p, we evaluate the variability of the bootstrap estimates of SYlx around the full

 sample estimate of SYij- We refer to this variability as the bootstrap variability of eigenvectors;
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 (a) Scree plot of sample eigenvalues (b) Bootstrap variability of eigenvectors (c) The ladle plot
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 (a) Scree plot of sample eigenvalues (b) Bootstrap variability of eigenvectors (c) The ladle plot
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 Fig. 1. Benefit of combining eigenvalues and variability of eigenvectors. The vertical axis in panel (a) represents the

 sample eigenvalues Xk; that in panel (b) represents the bootstrap variability of eigenvectors/0®; that in panel (c) is
 a combination of both measures, g„{k). The quantities/,0 (k) and g„(k) are rigorously defined in §2.

 see §2. Ye and Weiss speculated that when k = d, due to the consistency of M, each of the
 ^-dimensional bootstrap subspaces converges to the column space of M, and hence has small
 bootstrap variability. When k > d, each of the ^-dimensional bootstrap subspaces estimates
 the column space of M and an arbitrary part of the null space of M, leading to large bootstrap
 variability. Based on this intuition, Ye and Weiss proposed to estimate d as the largest k before a
 jump in the bootstrap variability. Figure 1(b) shows the bootstrap variability of eigenvectors for
 the same example, which does show a jump at k = 3.
 We propose a new estimator that combines both the eigenvalues and the bootstrap eigenvector
 variability of M. It is based on the observation that when the eigenvalues of a random matrix
 are far apart, the bootstrap variability of the corresponding eigenvectors tends to be small, and
 when the eigenvalues are close together, this bootstrap variability tends to be large. By exploiting
 this special eigenvalue-eigenvector pattern, we develop a new order-determination method that
 is more sensitive and accurate.

 This eigenvalue-eigenvector pattern is clearly visible in Figs. 1(a) and (b): for k ^ d = 2, the
 bootstrap variability of eigenvectors stays relatively flat but the magnitude of eigenvalues sharply
 decreases; whereas for k > d, the bootstrap variability of eigenvectors sharply increases while the
 magnitude of eigenvalues becomes relatively flat. As both functions provide useful information
 about the true rank d, a combination of them could lead to a sharper estimator of d. Indeed,
 Fig. 1(c) is based on a combination of both functions. We see that the curve is minimized at d,
 and its shape resembles a ladle. From our experience this shape appears in many examples, so we
 call such a plot the ladle plot and its minimizer the ladle estimator. In addition to proposing the
 ladle estimator as an order-determination method, we also propose the ladle plot as an alternative
 to the scree plot to assist order determination.

 We relegate all the proofs, some lemmas, a corollary, some simulation results, and the R code
 to implement the method, to the online Supplementary Material.

 2. Ladle estimator and ladle plot

 Let S = {(Jfj, Yi), (X2, Y2),...} be a sequence of independent copies of (X, 7), where 7 and
 Y can be ignored in an unsupervised learning such as principal component analysis. Let F be
 the distribution of (X, 7), and let F„ be the empirical distribution based on (XU Y{),..., (Xn, Y„).
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 878  W. Luo and B. Li

 Conditioning on the sequence S, let (X*n, Y*n),(X*n, Y*n) be an independent and identically
 distributed bootstrap sample from F„, and let F* be the empirical distribution based on the
 bootstrap sample. Both Fn and F* are random measures, but once S is given, Fn becomes a fixed
 measure while F* remains random.

 Let $ be the family of all distributions of (X, Y), and let M be a mapping from # to
 a matrix-valued statistical functional. Through this mapping we represent the target matrix as
 M{F), its sample estimate as M(F„), and the bootstrap estimate of M{F) as M(F*). Here, M(F)
 depends on (.X, F) through F. For example, in sliced inverse regression, M(F) = var{E(Z| F)},
 where Z, as mentioned in §1, is the standardized X. The matrix M(F„) is the evaluation of M
 at Fn, which amounts to replacing the population moments by the sample moments wherever
 possible. Other estimators, such as principal component analysis, the sliced average variance
 estimator and directional regression, can also be expressed using statistical functional. More
 details can be found in Li et al. (2005). For simplicity, we write M(F) as M, M(Fn) as M, and
 M(F*) as M*. Note that M is used both as the mapping M : $ -» Rpxp and as its evaluation at
 the true distribution F.

 In applications such as sufficient dimension reduction and principal component analysis, the
 matrices M and M are symmetric, and our development focuses on this case. However, our
 method allows asymmetric matrices, because we can apply it to MM1 or MTM, which amounts
 to replacing the eigenvalues and eigenvectors of M by its squared singular values and singular
 vectors. With this modification, all the subsequent results remain valid for asymmetric M.

 Let d be the rank of M. Suppose the eigenvalues of M are arranged as

 A-i ^ ^ kj > 0 = kd+i = ■ • • = kp.

 Let V!,..., vp be the corresponding eigenvectors. Then Mv, = v, and (vj,..., vp) is an orthogonal
 matrix. Let Si,..., Se (t ^p) be the eigenspaces of M corresponding to the distinct eigenvalues in
 descending order. For example, <Si corresponds to the largest eigenvalue,..., <S£_i corresponds to

 the smallest nonzero eigenvalue, and Se is the null space of M spanned by {vd+u ... vp}. Similarly,

 we define {Xt,... ,kp, vu..., vp} and {A.*,..., k*p, v*,..., v*} for M and M*. For each k < p, let

 Bk = (vu...,vk), Bk = (vu... ,vk), B*k = (v v*).

 Since B*k is repeatedly calculated for n bootstrap samples, we denote its realization at the z'th
 bootstrap sample by B*kr

 Define a function from {0,. ..,p — 1} to R as

 fn0(k) =
 0, k - 0,

 «"'ELU - I àet(B]Bl)\}, k = 1,... ,p - 1.

 As in Ye & Weiss (2003), 1 — | det(SArß*()| is a number between 0 and 1 that measures the

 discrepancy between column spaces of Bk and B*kwith 1 representing the largest discrepancy.

 Therefore, /n°(£) measures the variability of the bootstrap estimates B*kV...,B*kn around the full

 sample estimate Bk. This is the bootstrap variability of eigenvectors we mentioned in §1. When
 k = 0, we define this variability to be 0. The range of^° is also [0,1]: it reaches 0 if each B*ki spans

 ^ * A
 the same column space as Bk, and 1 if each Bki spans a space orthogonal to Bk. We renormalize

 fn t0 be

 fn : {0,... ,p - 1} R, /„(le) =fn\k) / {1 + £1»}, (4)
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 Ladle estimator for order determination  879

 where the constant 1 in the denominator is introduced to stabilize the performance of this criterion

 when d = p — 1.
 Ye & Weiss (2003) speculated that/, is large for k > d and small for k = d. We now give a

 careful investigation of this intuition. First, consider the two scenarios:

 (i) Xk > kk+u which implies that if vk e <S, then vi+1 e Si+,. Then for every bootstrap sample

 we estimate the same ^-dimensional subspace spanned by <Sj,... , <S,. The consistency of M
 then guarantees a small value off„(k). In particular, this is true for k = d, because Xd > 0
 and Xd+x = 0;

 (ii) Xk = Xk+x, which implies that vk and vi+1 reside in the same eigenspace, for example,
 Si. Then for each bootstrap sample we estimate the space spanned by <Si,, <S,_i and an
 arbitrary proper subspace of St. This arbitrariness causes large variation in the estimates,

 and consequently a large value of/(£). In particular, this is the case for all k > d, because
 Xk — Xk+\ = 0.

 Because Xd+x = • • • = Xp = 0, scenario (ii) applies to k = d + 1,... ,p. For k = 1,... ,d,
 either scenario may occur, depending on the set of equal values in {Àls..., Xd}. For example,
 if Xi > • ■ ■ > Xd > 0, then/(l),... ,f„(d) are small but fn(d + 1),.. ,fn(p — 1) are large. If
 A., = • • • = Xd > 0, then/(l),... ,f„(d - 1) are large,/„(J) is small, andfn(d + 1),... ,fn(p - 1)
 are large. Hence/ is always small at d and always has a jump at d + 1, regardless of how many
 of Xx,...,Xd are equal.

 As M has rank d and M is consistent, Xk drops to a small value at k = d + 1 from a large
 value at k = d. Thus, by carefully combining the bootstrap eigenvector variability/(&) with the
 sample eigenvalue Xk, we can pinpoint the true rank d more precisely.

 Parallel to/, we renormalize the sample eigenvalues and define the function

 fa : {0,... ,p - 1} -> R, Uk) = WO + ECÖ (5)

 where the constant 1 in the denominator is introduced to stabilize the performance of the criterion

 when d = 0. We shift the eigenvalues so that (pn takes a small value at k = d instead of at k — d+1.

 We define the objective function of our estimator as

 g„ : {0,...,p~ 1} -» R, g„(k) =fn{k) + (j>n(k), (6)

 which collects information from both the eigenvectors and the eigenvalues. In the spirit of infor
 mation criteria,/ can be viewed as the penalty term that increases the objective function after k
 reaches d. However, unlike with information criteria, this new penalty term is an intrinsic prop
 erty of the random matrix M. Moreover, since/ is combined with <fin in a scale-free manner, no
 tuning parameter is needed.

 To sum up the above intuitions, below d the eigenvalue term 4>n is large; above d the eigenvector

 term / is large; and they are both small at d. Therefore, we expect gn to reach its minimum
 approximately at d.

 Note that/°(p) is identically 0 because both Bp and B*pi in (3) span W'. This causes the function
 f®(k) to bend downwards when k gets close to p, resulting in a shape similar to the handle of a

 ladle shown in Fig. 1(c). Moreover, asp increases, so does the denominator 1 + °ffn,
 resulting in a smaller weight for the bootstrap component. Although these artifacts do not affect

 the consistency of the ladle estimator, in finite samples it makes sense to define and minimize

 gn for k up to a certain integer q < p - 1, rather than go all the way to k = p - 1. As a rule of

 thumb, in most applications it is quite justifiable to assume d ^ [p/ log(p)J, and minimize g„(k)
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 880  W. Luo and B. Li

 over k e {0,..., [p/ log(p)J}, where [_a\ stands for the greatest integer less than or equal to a.
 Correspondingly, the range of the sums in the denominators in (4) and (5) should be changed to
 {0,..., Lpi log(/?)J}, which leads to

 gn(k) =f„(k) + <j)n(k) = J + + 1 + Y}pn°%ip)^-+\ ' ^

 Let Vif) denote the domain of a function/. We formally define the order-determination estimator
 as follows.

 Definition 1. The ladle estimator of the rank d is

 d = arg min {gn(k) : k e V(g„)}, (8)

 where gn is defined by (6) if p ^ 10 and by (7) if p > 10.

 The transition point p = 10 is chosen empirically: it works well in most of the examples
 we considered. The systematic choice of this transition point deserves further research. The
 scatterplot of {k,g„(k)}, k e V(g„), is called the ladle plot. This plot can be used to assist order
 determination, as an alternative to the scree plot: we look for the minimizer, rather than the elbow,
 of the curve.

 In the above developments, the bootstrap sample size is taken to be the sample size and the
 bootstrap sample is generated with replacement; see also Ye & Weiss (2003). This regime is not
 necessary for the asymptotic development, but the proofs in this paper are tailored for this regime,

 and would have to be modified slightly should we use other regimes. The bootstrap sample size
 affects the performance in principle, but we did not experience substantial changes in accuracy
 with bootstrap sample sizes n/2 or In. Sampling with replacement is an important assumption for

 our asymptotic analysis. Specifically, the self-similarity condition, Assumption 2 in §3 depends
 on the fact that the relation between F* and F„ resembles the relation between F„ and F, and

 sampling with replacement is key to this.

 3. Theoretical characterization of the eigenvalue-eigenvector pattern

 We first introduce some regularity assumptions that will be used throughout the article.

 Assumption 1. There is a random matrix H(X, Y) with mean zero and finite second moment
 such that M = M + EnH(X, Y) -f oP(«-'/2).

 Assumption 2. The bootstrap estimator M* satisfies

 «1/2{vech(M*) - vech(M)} N (0, varF[vech{//(X, F)}]) (9)

 where vech(-) is the vectorization of the upper triangular part of a matrix and varf[vech{//(X, Y)}]

 is positive definite. The arrow -» in (9) should be understood as convergence in distribution almost

 surely. That is, for almost every sequence S defined in the first paragraph of §2, the left-hand side

 converges in distribution to the right-hand side, where convergence in distribution is in terms of

 the conditional probability given S. See, for example, Bickel & Freedman (1981).
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 Ladle estimator for order determination  881

 Assumption 3. For any sequence of nonnegative random variables {Z„ : n = 1,2,...} involved
 hereafter, if Z„ = 0P(cn) for some sequence {c„ : n e N} with c„ > 0, then E(c~xZn) exists for
 each n and E(c~xZn) = 0(1).

 Assumption 1 is quite mild: it is satisfied if the statistical functional M is Fréchet differentiable.

 See, for example, Bickel et al. (1993, p. 19), and Fernholz (1983). Because n,2(M — M) also
 converges in distribution to the right-hand side of (9), Assumption 2 amounts to asserting that
 the asymptotic behaviour of n,2(M* — M) mimics that of n/2(M — M). The validity of this
 self-similarity is discussed, for example, in Bickel & Freedman (1981), Parr (1985), Liu et al.
 (1989) and Gill (1989). We have given further justification, information, and intuition about
 this assumption in the Supplementary Material. Assumption 3 has been commonly used in the
 literature. These assumptions should not much restrict the applicability of our estimator.

 Since 0P( 1) does not preclude convergence to zero, we need a more specific notation for a
 sequence of random variables bounded away from zero.

 Definition 2. A sequence of random variables {Znj is bounded below from zero in probability
 and written as Z„ = Op( 1), iffor any positive sequence {e„} such that en = o(l),

 lim pr(Z„ > €n) = 1.
 n->oo

 Furthermore, ifZn/c„ = 0^(1) for a positive sequence {c„}, then we write Z„ = Op(c„).

 Roughly, this concept is the asymptotic analogue of a random variable Z taking positive
 values with probability 1. With this definition, the following theorem rigorously characterizes
 the eigenvalue-eigenvector pattern.

 Theorem 1. Let c„ = [log{log(«)}]~2. If Assumptions 1, 2 and 3 hold, and M e Rpxp is a
 positive semi definite matrix of rank d e {0,...,/? — 1}, then for any k = 1,... ,p — 1, the
 following relation holds for almost every sequence S = {(Xn, Yn) : n = 1,2,...}:

 r (u\ _ 0P{n 1), Xk > Xk+i,
 M) \0+p(c„), h = h+u

 where the probability in 0P and Op is the conditional probability given S.

 Although {c„} converges to zero, the convergence rate is very slow. For example,
 {log(log 104)}"2 « 0-2. Hence, in practice Op (c„) can be nearly treated as 0^(1).

 From this theorem, almost surely in the probability space of S, the bootstrap variability of eigen

 vectors is negligible whenever two consecutive eigenvalues are different, and is nonnegligible
 whenever they are equal.

 4. Consistency of the ladle estimator

 As mentioned in Assumption 2, we must be more nuanced when discussing convergence in the

 bootstrap context. Since (f)n is a function of the sample (Xu 7,),..., (Xn, Yn), it is nonrandom given

 a sequence S. Bootstrap resampling introduces an extra layer of randomness, so d, the minimizer

 of gn, also has two layers of randomness. Reflecting this composite probability structure, the
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 882  W. Luo AND B. Ll

 consistency in the following theorem means that the event that the conditional probability of

 d — d given S converges to 1 happens almost surely in the probability space of S.

 Theorem 2. Under Assumptions 1, 2 and 3, for any positive semidefinite matrix M e Wxp of
 rankd € {0, ...,p— 1}, the ladle estimator (8) satisfies

 pr ( lim pr(^ = d | S) = 11 = 1. I. /J—>oo J

 In the special case where all the nonzero eigenvalues of M are equal, Theorem 1 suggests
 a ladle shape for/, itself. By applying the proof of Theorem 2, one can easily show that the
 minimizer of/„ is also consistent in this case. Nevertheless, it is still beneficial to incorporate <pn,

 because it amplifies the downward trend of the curve f(k) before k reaches d.

 5. Simulation studies

 In this section, we compare the performances of the ladle estimator and some existing meth
 ods for order determination in a variety of settings: principal component analysis, canonical
 correlation analysis, independent component analysis, sufficient dimension reduction, and non
 linear sufficient dimension reduction. We consider one or two models for each setting, with
 each model giving rise to a matrix M whose rank is to be determined. From each model, we
 simulate n independent observations and determine the rank of M by different methods. This is
 repeated 1000 times and the percentages of correct estimation are reported in Tables 1 and 2.
 Four types of methods are included in the comparison: sequential tests, information criteria, the
 Ye-Weiss bootstrap estimator, and the ladle estimator. Sequential tests and information criteria
 may have different meanings under different settings, but they are based on the same general
 principles.

 For the bootstrap estimator, Ye & Weiss (2003) proposed to use either the jump or the minimizer

 off„(k) to estimate d, but did not give a criterion to decide which one to use, nor did they
 recommend a threshold to detect a jump. We experimented with both the jump and the minimizer,

 and found that the former performs better in our models, and therefore use it for the comparison.

 Specifically, let

 r(8) = 8 max{fn(k) : k e V(fn)},

 where/, is defined in (4) if^ 10 and in (7) otherwise, and 0^5^ 1. We estimate d as
 the largest k such that fn(k) ^ r (8) if this happens to some k, and as the minimizer off„{k) if
 fn{k) > t(8) for all k. We use S = 0-2,0-4,0-6, to ensure that the comparison is not biased against
 the bootstrap estimator.

 We sometimes need to distinguish between the indices for an observation in a sample and for a

 component in a random vector. For a generic random vector X, let X(J) denote the7th component

 ofX-, for a sample of observations onX, let ^ denote the z'th observation and Xi(j) denote the y'th

 component of Xt. We now describe the models in detail. For all the sequential tests below, the
 significance levels are set at 0-05.

 (i) Principal component analysis. Following (1), let M be the diagonal matrix whose (1, l)th
 entry is 2 and (2,2)th and (3,3)th entries are 1, and all the other entries are 0. Then M has
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 Ladle estimator for order determination 883

 Table 1. Comparison of order-determination methods at p = 10. The two sequential tests for SIR
 and DR are in the order described in the text. Entries in Columns 5-10 are percentages of correct

 order estimates in 1000 runs

 Setting Model n d ST IC YW1 YW2 YW3 Ladle
 PCA 1 100 3 - 85 98 73 23 99

 CCA 2 100 2 92 97 99 89 36 96
 ICA 3 500 2 - 75 90 63 90

 SDR-SIR 4 300 2 (78,75) 0 48 95 86 91
 SDR-DR 5 300 2 (79,96) 4 87 89 27 98
 NSDR 6 500 1 - 79 99 95 99

 PCA, principal component analysis; CCA, canonical correlation analysis; ICA, independent component analysis; SDR,

 sufficient dimension reduction; SIR, sliced inverse regression; DR, directional regression; NSDR, nonlinear sufficient

 dimension reduction; ST, sequential test; IC, information criterion; YW1, YW2 and YW3, the bootstrap estimators
 with S = 0-2,0-4,0-6; Ladle, the ladle estimator.

 3-85

 2 92 97

 2

 2 (78,75) 0

 Table 2. Comparison of order-determination methods atp = 40
 Model n d ST IC YW1 YW2 YW3

 1 200 3 - 99 99 99 48

 2 200 2 91 100 99 100 96

 3 1000 2 - 12 50 85

 4 600 2 (0,0) 0 20 97 97
 5 600 2 38 4 91 98

 6 100 1 - _9g 97 58

 The abbreviations and other specifications are in the legend of Table 1.

 rank d = 3, with two of the nonzero eigenvalues equal to each other. We generate X from

 Model 1 : X ~ N{0, Ex), = M + 0-54%.

 Let be the sample variance matrix of X based on n independent observations from X,
 and let M = — XPIP. Then it can be shown that M -M = E„H(X) + oP(n~1/2) for some
 random matrix H(X) e Rpxp with E{H(X)} = 0 and finite variance. We then apply the
 ladle estimator, the bootstrap estimator, and an information criterion in Bai & Ng (2002)
 called PCp] to estimate d.

 (ii) Canonical correlation analysis. We generate X from N(0,Ip) and s from N(0,0-52IP)
 independently, and generate Y from

 Model 2: 7(i, = X(1) + X(2) + £(d, 7(2) = ^3) + £(2)> Î© = 2 £(/) for i = 3,... ,p.

 Let Vx, Vy and Vxy be the variance matrix ofX, the variance matrix of Y and the covariance

 matrix ofX and 7, respectively. Then the correlation matrix M = V-^V^VlV-w has
 rankJ = 2, with nonzero eigenvalues 8/9 and 4/5. We then construct M by replacing Vx, VY

 and Vxy with their sample estimates. Besides the ladle estimator and the bootstrap estimator,

 we apply the sequential test in Fujikoshi (1977) called SF(T2d) and the information criterion

 in Gunderson & Muirhead (1997) called kMC to estimate the rank of M. See Calinski et al.

 (2006) for more information about SF{T2d).
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 884  W. Luo and B. Li

 (iii) Independent component analysis. We assume that X is generated from

 Model 3: X = AU,

 where A e Wxp. The random vector U e W has independent components, some of
 which are Gaussian, which are regarded as noise, and some are non-Gaussian, which are

 regarded as signals. The goals of independent component analysis are (i) to identify the
 number of non-Gaussian components and (ii) to isolate these non-Gaussian components.
 As mentioned in §1, a commonly used method is the fourth-order blinded identification

 (Hyvärinen et al., 2001, Ch. 11), which is based on A = £{(ZTZ)ZZT} - (p + 2)1 p where
 Z is the standardized X. The number of non-Gaussian components is the rank d of A, or

 equivalently the rank of M = A2. We derive the sample versions Â and M by replacing
 Z with Z = Ê^I/2{X — X] and replacing the expectation in A with the sample mean. We
 choose A to be the matrix whose diagonal entries are 1 and off-diagonal entries are 0-5.

 We generate Um and U(2, from the exponential distribution with mean 1, and U0),..., U(pj
 from N(0,1). Thus d = 2 and the two nonzero eigenvalues of M are equal. We apply the
 ladle estimator and the bootstrap estimator to estimate d.

 (iv) Sufficient dimension reduction. We generate X from N(0,Ip) and e from iV(0,0-52)
 independently; we generate Y from

 Model 4: Y = Xa) / {0-5 + (1-5 +X(2))2} + s,

 Model 5: Y = X^ + X(2) + e,

 where Model 4 was used in Li (1991). We then apply the sliced inverse regression to
 Model 4 and directional regression to Model 5. In each case, the candidate matrix has rank
 d = 2 and the two nonzero eigenvalues are unequal. Besides the ladle estimator and the
 bootstrap estimator, we also apply the sequential tests proposed by Bura & Yang (2011),
 including the weighted chi-square test and the Wald-type chi-square test, and the Bayesian
 information criterion proposed by Zhu et al. (2006). For the latter, we follow the authors'
 suggestion to fix the number of slices in the dimension reduction methods at H = n/20, and

 use the tuning parameter Cn — H {0-5 log(rc) + 0-1«1/3} / {In). From a simulation study
 not presented here, the sequential tests are more sensitive to the number of slices H than
 the other order-determination procedures. We fixed H at 10 for sliced inverse regression
 and at 3 for directional regression, which are favourable to the sequential tests.

 (v) Nonlinear sufficient dimension reduction. The idea of nonlinear sufficient dimension reduc
 tion is, intuitively, to first map the predictor X to a higher-dimensional feature space, perform

 dimension reduction there, and then map the result back to the original space (Wu, 2008;
 Yeh et al., 2009; Li et al., 2011; Lee et al., 2013). We generate (X, s) in the same way as in
 the case of sufficient dimension reduction, and generate Y from

 Model 6: Y = sin{(X2} +X(22))/3} + 0-6 e.

 In sufficient dimension reduction, the central dimension reduction subspace is of dimension

 2, spanned by (1,0,0,..., 0)T and (0,1,0,..., 0)T, but in nonlinear sufficient dimension
 reduction, the central dimension reduction cr-field (Lee et al., 2013) is generated by the

 nonlinear function X2; + Xf2). We use the feature mapping

 $ = <p(X) = {\,X(k),X{i)X(j), i sC./, i,j,k = 1,... ,p},
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 which is a {1 +p + pip + l)/2}-dimensional vector. The theory of Lee et al. (2013) implies
 that, in this case, the central a-field is complete and sufficient, and hence can be recovered

 by the range space of M = var{£(<J>| K)}, which is of rank d = 1.

 We divide the sample of responses Yx,...,Yn evenly into m slices, say Ju... ,Jm, and discretize

 Yj as Yj, which takes value k if Y:j eJk. Let <t>, = (p(Xj), and let

 £„(017 = k) = (m/n^y^j, W
 M = var„{^($|7)} = EH[[E„(4>\Y) -£„$}{£„ (4>| 7) -£„4>}T].

 We then apply the ladle estimator and the bootstrap estimator to M to estimate d.
 We first set p = 10 for all the models. Because different statistical problems often require

 different sample sizes to have reasonable accuracy, for example, higher sample moments require
 larger sample sizes to converge, we let n — 100 in Models 1 and 2, n = 300 in Models 4 and
 5, and n — 500 in Models 3 and 6. The percentages of correct order determination from 1000
 simulated samples are reported in Table 1.

 Table 1 shows that the ladle estimator is clearly best overall. The sequential tests are generally

 consistent, but fail to reach the nominal significance level. The bootstrap estimator performs well

 when 8 = 0-4, but the optimal choice of 8 varies with the model.
 Next, we increase the dimension top = 40 and the sample size to n = 200 in Models 1 and 2,

 and n = 600 in Models 4 and 5, and n = 1000 in Models 3 and 6. At this dimension, the sample
 eigenvalues deviate substantially from their asymptotic distributions for k > d. This causes the
 sequential tests for sliced inverse regression to perform poorly, as shown in Table 2. However,
 the procedures that incorporate eigenvector variations, such as the bootstrap estimator and the
 ladle estimator, remain accurate. The sequential tests for the directional regression at the current

 dimension are computationally very expensive and are omitted.

 6. Wine cultivar identification

 We now apply the ladle estimator in conjunction with directional regression to the wine cultivar

 data in Forina et al. (1988), which consist of 178 wine samples from three different cultivars. For
 each sample, the name of the cultivar and 13 covariates are recorded; alcohol, malic acid, ash,
 alcalinity of ash, magnesium, total phenols, fiavanoids, nonflavanoid phenols, oroanthocyanins,
 color intensity, hue, OD280/OD315 of diluted wines and proline. The goal is to identify the
 cultivars based on the covariates. We use directional regression to find a low-dimensional predictor
 and identify the cultivars in the reduced space. The order-determination methods would then tell

 us the appropriate dimension of the reduced predictor. To satisfy the requirements by directional

 regression, we take the logarithms of malic acid, color intensity and proline, take the reciprocal
 of magnesium, and then standardize each component of the modified predictor. For details about
 these requirements, see Li & Wang (2007).

 Figure 2(a) shows the scree plot, Fig. 2(b) the bootstrap variability plot, and Fig. 2(c) the ladle

 plot. Figure 2(d) is the scatterplot of the first two components of the reduced predictor found by

 directional regression, (ßJX, ß]X), standardized to have mean zero and identity variance matrix.

 The bootstrap estimator estimates d to be 2 for 8 = 0-2,0-4 and 0-6, respectively; the ladle
 estimator also yields d = 2.
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 (a) Scree plot of sample eigenvalues (b) Bootstrap variability of eigenvectors
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 Fig. 2. Wine cultivar analysis, (a) the scree plot of sample eigenvalues; (b) the bootstrap variability of eigenvectors; (c)
 the ladle plot; (d) the scatterplot of the reduced predictor indexed by cultivars: (•, +, A) represent data from cultivar
 1, 2, 3 correspondingly.

 To see that d = 2 is a reasonable estimate, note that the first two components of the reduced
 predictor from directional regression give nearly perfect separation of the three cultivars, sug
 gesting that two directions are sufficient to identify the cultivars; that is, the dimension d of the
 central subspace is less than or equal to 2. Both axes in the scatterplot offer significant separations

 of the three groups, suggesting that the dimension d is at least 2. Thus d = 2 is a good choice.
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